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ABSTRACT:

In this paper, the inventory model for deteriorating items with non-linear production rate depending on linear
demand rate has been discussed. Cost minimization technique has been used to obtain the optimal values of
parameters. The total expected cost, maximum inventory level and unfilled backlog order have been obtained as
the important operating characteristic of the model.
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1 INTRODUCTION:

Several mathematical models for controlling inventory have been developed by researchers. Few works has
been done on developing the production inventory policy for deteriorating products. In practice, the demand
may influence production. If the demand decreases, the manufacturer may decrease the production to avoid
unnecessary inventory.

Ghare & Schrader (1963) developed an economic order quantity (EOQ) model by a negative exponential
deterioration. They assumed that the instantaneous distribution is constant. Mandal & Phaujdar (1989),
Goswami & Chaudhuri (1991, 92) and Bose, et al (1995) assumed either instantaneous or finite production
with different assumptions on deterioration pattern. These models were developed for the simple cases of
constant deterioration rate and time proportional deterioration rate. In standard EOQ models, a constant and
known demand rate-is assumed over an infinite time horizon. In practice most of the items experience a stable
demand only during the saturation phase of their life cycle and for a definite period of time. Some researchers
extended the EOQ model to accommodate time varying demand pattern. Goswami & Chaudhuri (1991, 92),
Bhunia & Maiti (1997) and Bose, et al (1995) assumed a linear trend of demand. Mandal et al (1998), Kar et
al (2001)‘and Santosh Kumar et al (2001) discussed the inventory models of deteriorating items with different
demand rate.

Goswami & Chaudhuri (1992) developed an order level inventory model for deteriorating items in which the
finite production rate is proportional to the time dependent demand rate. Bhunia & Maiti (1997) presented
inventory models in which the production rate depends on either the on hand inventory or the demand. In the
above mentioned models, the deterministic inventory models with linear production rate and varying demand
rate including exponential declining demand have been attempted to obtain total average cost and other
characteristic of the models. Mishra, Himanshu Pandey and Balram (2006) presented a probabilistic
inventory model with non-linear production rate and uniformly distribution and declining demand rates. They
obtained total expected cost, maximum inventory level and unfilled backlog orders and other characteristic of

the model. They considered the demand rate D(t) = L a <t< p and 0 otherwise and the production rate
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P(t)=a+bD(t)+c[D(t)]’, a0, 0<b<1, 0<c<1 and P(t)> D(t). In this paper, the demand rate is taken
constant and consequently the production rate is also constant. Thus there is nothing new except that demand
exists during the period (e, ). Besides this there is no probabilistic concept equipped with any parameter of the
inventory model. Thus the title of the research paper is not justified.

Sanjay Jain & Mukesh Kumar (2007) discussed an inventory model with inventory level dependent demand
rate, shortages and decrease in demand. Kharna et al. (2010) developed an EOQ model with price and stock
demand rate. Hari Kishan, Megha Rani and Deep Shikha (2012) discussed an inventory model of
deteriorating products with life time under declining demand and permissible delay in payment.

Kundu et al. (2013) developed an EOQ model for time dependent deteriorating items with alternating demand
rates allowing shortages and time discount.

In this paper, the inventory model for deteriorating items with non-linear production rate depending on linear
demand rate has been discussed. The total expected cost, maximum inventory level and unfilled backlog order
have been obtained as the important operating characteristic of the model.

2 ASSUMPTIONS AND NOTATIONS:

The mathematical model of the production inventory problem under consideration has been developed on the
basis of the following assumptions:

()  Demand rate D(t) at time t, t >0 is given by D(t)=ot, a > 0.

(i) Production rate P(t) at any instant t. depends on demand rate and is given by
P(t)=a+bD(t)+c[D(t)]*,a>0, b>1, 0<¢<1.

(iii)  Deterioration of items is considered from that instant they have been received into the inventory.

(iv)  Single item is considered over a period of T units subjected to a constant rate 4.

(v) Shortages are allowed and-backlogged.

(vi)  No replacement or repair of deteriorated items is made during a cycle.

The following notations are used in this paper:

Q) q(t): Inventorydevel at any time t, t > 0.

(i) C: Set up cost for each new cycle.

(i) C,: Inventory carrying cost per unit per month.
(iv)  C,: Shortage cost per unit.

(v) C,: The cost of deteriorated item.

(vi) ~ T:Cycle time(=T, T, +T, +T,).

(vii)  @:The deterioration rate.

(viii)  K: The total average cost of the system.

3 MATHEMATICAL MODELS AND ANALYSIS:
Let the initial stock be zero. The production inventory level starts at time t=0 and reaches to the level I _, the

maximum level after T, units of time. Then the production is stopped, the stock level declines continuously and
becomes zero at timeT,. At this instant the shortage starts and accumulates to the level 1, at timeT,. At this
instant, the fresh production starts to clear the backlog by the timet,. Our objective is to find out the optimal
values of T,,T,,T,,T,,q, and g, which minimize the total average cost K over the time horizon [0,T]. The
model has been represented by figure 1 given below:
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Figure 1
The governing differential equations of the stock status during the period 0 <t <T are given by
3—?:a+(b—1)at+Ca2t2—6q, 0<t<T, (@)
%=_m_6q, 0<t<T, ...(2)
dg
—=—at, 0<t<T (3
ot 3 3)
‘;—?=a+(b—1)at+c:a2t2-6q, 0<t<T,. .4
The boundary conditions are
q(t)=0 at t=0,T;+T, and T ...(5)
qt,)=1, and q(T,+T, +T,)=—I,. ...(6)

From equation (1) we have
. 242
q(t)ea Y. [a+(b l);(t+ca t ]ea
_ 2 2
- (6 1)0(-:2C0{ t]e“" +—2C(f e’ +c,. A7)
% %
Using the boundary condition (5) in the expression (7), we get
_ 2
c;1:_2"'(b 3—)05_2(:6; '
7 6 %
Substituting this value of ¢, in the expression (7), we get

a(t)= lal—e )+ (be—l)at +ca’t?]

_lb-2el-e)+2cat] 2ca’-e*)
0° 0°

L0<t<T,. ..(8)
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Similarly the solutions of equations (2), (3) and (4) with the help of boundary conditions are given by

qt)= %(tze”zt) —t)+ %(1— e’™Y) 0<t<T,, ..(9)
2
q(t)=—“t7, 0<t<T, ..(10)
2
q(t):{a+ (bgl)(n t)+ Cz (T2 -T,t+ 2T, -t)|. 0<t<T, ..(12)
Using the boundary condition (6) in the expressions (8) and (9), we get
|all—e ™)+ (b-1)arT, +ca’T]
" 0
(b-1ali-e™)+2ca?T,]| 2ca?fl—e ™)
- 92 + PE
=%(t2em2)+%(1—e‘”2). .(12)
Using the boundary condition (6) in the expressions (10) and (11), we get
2 2
s {M b-1); , ca Tf}n, . (13)
2 3
From equation (12), we have
T, ~ \/z[{—a(l—e“g“ )— (b -1)aT, — 2ca°T;2}
o
_ a0 2 2 1
L (b-1alt ee )+2caT? 2(;? —— i
From equation (13), we have
2
T, =\/£{a+ (b_l)-r4 Ca T42}T4 . ...(15)
a 3
The inventory carrying cost is given by
T T,
C, Dq(t)dt +| q(t)dt}
0 0
2 i 212
_S a—(b_l)aJrZCf { s Z +{(b—l)a—20—a} i
% 0 % 6 6 6 2
ca’ a 1 ar?
H T +5(T2 —gj(e‘”z ~1)+T, -~ ...(16)

The deterioration cost is given by

C, ﬁéq(t)dt +Tf6q(t)dt}
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:Cd|:{a—( 0)a+ 02 }(Tl‘F 0 _5J+{(b_l)a_7} ?

Ca 3, 1\ o ar;
—T T, —— e =1)+T, - . .17
P+ (1 -2 Jem 1)+, - T2 )

2
The shortage cost is given by

Csﬁq(t)dt +qu(t)dt}

Ty

=C, ja; dt + J'{a+ (b2 1)(T4 +t)+%(T4Z —T4t+t2)}dt
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0

3
:c{“gwan -T2+ SC—“ } ...(18)

Therefore the total expected cost of the mventory is given by
K=Set up cost +Inventory carrying cost +Deteriorating cost +Shortage cost.

_ 2 Ul 212
.5 a—(b 1)a+20025 T, + 8 1 +{(b—1)a—20—a} L
T o o 0 0 o 2

2 2
+%T13+%(T2—%)(e” ~1)+T, _m_]

2 —aT, 2
+Ca a—(b_l)aJrZCO; T, 48 AN {(b 1)a—2c—a} T
T 0 o 0 0 (7 2

2 2
PN & WLQ(T2 —%j(e”z _1)+T, 4 922 ]

1IN 3 Sca’?
+C S taTl, +—(b-2T2+=""T2|. .19
| vams S-Sy 19

It is extremely difficult to find the optimal solution of total expected cost K given by the equation (19). For
extremely small values of & one'may use the approximate values of e ™" and e "= given by

2T 2
e x1-0T + oL : ...(20)
2T 2
e 21T, + 0T . ...(21)
Using this approximate value in equation (19), we get
K =
QZTZ
_ 2 1—01-1 + 2
¢S a—(b Lo + 20025 T1+—2 - +{(b 1)06_2005} -+
T or % % % 0 2
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2

ca’_ s « 1Y o ar,
2 T3 T (e 1)+ T, - 2+
39 (2 ej( ) 2 2]

6
2T 2
_ 2 1—HT1+71 2 =92
C—d a—(b l)a+2C0; t1+—2—1 +{(b_1)a_20_a} L
T 6 0 6 6 6 2
2T 2 2
WLCLT13+0‘(T2 1} o, + 212 |1, 02
360 6 2 2
1IN 3 5ca?
+C S taTl, +—(b-2T2+=2"T2|. ...(22
s|: 6 4 4( )T4 18 4:| ( )

Obviously, the cost function given by the equation (22) seems to be the function of four variables T,,T,,T,
andT,. But these four variables are not independent. They are related by the equations (14) and 15). Thus the
cost function K may be considered as functions of two variables, say, T, andT,. Therefore the optimal values of
T,and T, are the solutions of the equations

%:0 and %zo ..(23)
T, aT,
Provided these values of T,and T, satisfy the condition
2 2 2 2 2 2
0K .0, 28 oand ZRIK_[ IR V. g .(24)
oT; oT, ot or, o107,

Differentiating equation (22) w.r.t. T,andT,, we get

&Ha— (b=t , 2c0” }(ﬂl)+{(b—l)a—zc7a}2ﬂ

ar 0 0*
ca’_, « 1 ar o} C, (b=1)a - 2ca? 2ca |’
+ 2 T2+ 8T, -2 (e 1)+ T, 2 2]+ 4 [ das + or)+{b-a-=21 T
e A R e S A R
+Ca2_|_2+g(_|_ —Ej ar +02T22 -T +HT—22]:0 (25)
0t o\l o)\ T 2 A P
2 2
{“} +a+§(b—1)l'4+5(:: Tf}:O. ...(26)

Thus we have two simultaneous non-linear equations given by (25) and (26). These equations can be solved by
Newton-Rap son method to give the optimal values of T,and T, . Consequently, we can obtain the optimal values

of T,,T,,T;, T, and K with the help of equations (14), (15) and (22) respectively.
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4 CONCLUSIONS:

In this paper, the inventory model for deteriorating items with non-linear production rate depending on linear
demand rate has been discussed. The total expected cost, maximum inventory level and unfilled backlog order
have been obtained as the important operating characteristic of the model. This model can further be extended
for other forms of the demand rate, the production rate and for variable deterioration. The model can also be
generalized for multi items inventory system.
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